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Abstract. This paper investigates the efficiency of an alternative to
ratio estimator under the super population model with uncorrelated errors
and a gamma-distributed auxiliary variable. Comparisons with usual ratio
and unbiased estimators are also made.
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1 Introduction

It is well known that the ratio method of estimation occupies an important place in
sample surveys. When the study variate y and the auxiliary variate x is positively (high)
correlated, the ratio method of estimation is quite effective in estimating the population
mean of the study variate y utilizing the information on auxiliary variate x.

Consider a finite population with /N units and let x; and y; denote the values for
two positively correlated variates z and y respectively for the ith unit in this population,
i=1,2,...,N. Assume that the population mean X of x is known. Let Z and § be
the sample means of x and y respectively based on a simple random sample of size n
(n < N) units drawn without replacement scheme. Then the classical ratio estimator for

Y is defined by

gr = y(X/3). (1)

The bias and mean square error (MSE) of g, are, up to second order moments,
B(?jr) = )‘(R Si + Syz)/X (2)
M(gr’) = )‘(Sj + RQS:? - 2RS1/:1:)7 (3)

where A = (N —n)/(nN), R=Y /X, S2 = (N — 7! i(z, — X)? and

Sy = (V=17 X (3= V)i = ).

It is clear from (3) that M (y,) will be minimum when

R=5,/S; =8, (4)



140 M. Khoshnevisan, F. Kaymarm, H. P. Singh, R. Singh, F. Smarandache

where 3 is the regression coefficient of y on z. Also for R = 8 the bias of g, in (2) is
zero. That is, g, is almost unbiased for Y.

Let E(y|Z) = a+ BT be the line of regression of § on Z, where E denotes averaging
over all possible sample design simple random sampling without replacement (SRSWOR).
Then 8 = 5,,/S2 and Y = a + X so that, in general,

R=(a/X)+8 ()

It is obvious from (4) and (5) that any transformation that brings the ratio of
population means closer to 5 will be helpful in reducing the mean square error (MSE) as
well as the bias of the ratio estimator g,. This led Srivenkataramana and Tracy (1986)
to suggest an alternative to ratio estimator ¢, as

Jo=2(X/2)+ A=y, — A{(X/z) -1} (6)
which is based on the transformation
z=g—A (7)
where E(zZ) = Z(=Y — A) and A is a suitably chosen scalar.

In this paper exact expressions of bias and MSE of g, are worked out under a super
population model and compared with the usual ratio estimator.

2 The super population model

Following Durbin (1959) and Rao (1968) it is assumed that the finite population
under consideration is itself a random sample from a super population and the relation
between x and y is of the form:

y1:a+ﬁ$1+ul, (Z:1,2,,N)
where o« and [ are unknown real constants; u;’s are uncorrelated random errors with
conditional (given ;) expectations
E(uflw:i) = oxf
(1=1,2,...,N),0< 0 < 00,0 <g<2and z; are independently identically distributed
(i.i.d.) with a common gamma density

GO)=e"z/"1T0, z>60,2<60<o0 (8)
We will write F, to denote expectation operator with respect to the common dis-
tribution of x; (i = 1,2,3,...,N) and E, E., as the over all expectation operator for

the model. We denote a design by p and the design expectation E,, for instance, see
Chaudhuri and Adhikary (1983,89) and Shah and Gupta (1987). Let ‘s’ denote a simple

random sample of N distinct labels chosen without replacement out of ¢ = 1,2,3,..., N.
Then
X(N=X)=> zi+> X;
€S i¢s

Following Rao and Webster (1966) we will utilize the distributional properties of

xi/Tr, > Ty > Ti, . i/ Y, @i in our subsequent derivations.
i€s i¢s i€s i¢s
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3 The bias and mean square error

The estimator g, in (6) can be written as

N N
oefom(p B L) N,
(vg=)  |(vz=)

based on a simple random sample of n distinct labels chosen without replacement out of
1=1,2,...,N.
The bias

i€s

B=E,(ja—Y) (10)

of g, has model expectation E,,(B) which works out as follows:

Em(B(ga))
i N
= E,E,E, {a+5 1/n) (Zl“) } % n(laf)
pHriic i anl

€8 i€s xl)
i€s

= E,E,E. |a <nZw/NZ:L’> +B(1/N) (Zm) <ies u> (ix/NZx)

=1 i€s i€s

() r5) ] e
e (S () () ()]

—a— BE,(X)

(/) (uzxz/zg@) . { (/) (uzxi/zxi) 1}] .

i¢s 1€S i¢s i€s
=a(n/N)Y{1+(N—-n)0/(nb —1)} — A{(n/N)(1+ (N —n)8/(nf —1)) =1} —
=a[(n/N—=1)+{n(N —-n)0/N (nd —1)}]

—A[- (N —n)/N+{(N —n)nf/N (nf — 1)}
=(N—-n)(a—A)/N (nf —1) (11)

=E,

For SRSWOR sampling scheme, the mean square error

M (Fa) =By (7.~ Y)° (12)
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of g, has the following formula for model expectations E,,(My,):

N _ (N —n) (Nnf + 2N — 2n) (A? — 2Aa)
Ep (M (9a)) = lEm (M (r)) + N2 (nf — 1) (nf — 2) (13)
where
_ N
M (gr) = Ey (9 = Y) (14)
is the MSE of g, under SRSWOR scheme has the model expectation
. B 9 (Nnf + 2N — 2n) o
+5{(n9+g—1)(n9+g—2)+n9(N9—n9+1)}F(0+g) (15)
nl+g—1)(no+g—2) re
[See, Rao (1968, p.439)].
Further, we note that for SRSWOR sampling scheme, the bias
B (gr) = Ep (:’jr - Y) (16)
of usual ratio estimator has the model expectation
Em (B (yr)) = (N —n)a/ (n —1) (17)
We note from (11) and (17) that
|Em (B (§la))| < |Em (B (4r))|
if
(= A)[ <|af
or if
(a—A)° < a?
or if
0(A(2cx (18)
Further we have from (13) that
By (M (§a)) — Em (M (g-)) <0
if
(A2 — 2Aa) <0
or if
0<A<2 (19)

which is the same as in (18). Thus we state the following theorem:

Theorem 3.1. The estimator y, is less biased as well as more efficient than usual ratio
estimator Y, if

0<A<2a#0
i.e. when A lies between 0 and 2«.. Therefore, when intercept term o (# 0) in the model
(8) is sizable, there will be sufficient flexibility in picking A.
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It is to be noted that for o = 0, g, is unbiased and efficient than g,. The minimization
of (13) with respect to A leads to

A= o= Ayp(say) (20)
Substitution of (20) in (13) yields the minimum value of E,, (M (4,)) as
(N=1)0[(nb0+g—1)(nb+9g—2)+n0(NO—nb+1)]T(0+9g)
N2 nb+g—1)(n0+g—2) reo
(21)
which equals to E,, (M (g,)) when o = 0. It is interesting to note that when A = «, 9,
is unbiased and attained its minimum average MSE in model (8). In practice the value
of a will have to be assessed, at the estimation stage, to be used as A. To assess «, we
may use scatter diagram of y versus z for data from a pilot study, or a part of the data

from the actual study and judge the y-intercept of the best fitting line.
From (15) and (21) we have

Ep (M () — min. Ey, (M (Fa))
={(N —n)(Nnf +2N —2n)a®} /{N? (nf — 1) (nf —2)} >0 (22)

min.E,, (M (7.)) =

which shows that g, is more efficient than ratio estimator when A = « is known exactly.
For a =0

min.Ey, (M (¥a)) = Em (M (37)) (23)
For SRSWOR, the variance
V(G)=E,(5-Y)" (24)
of usual unbiased estimator has the model expectation:
Enm (V(9)) = (N —n) [5°0 + {6T (0 + g) /T0}] /nN (25)

The expressions of E,, (M (7,)) and E,, (V (7)) are not easy task to compare alge-
braically. Therefore in order to facilitate the comparison, denoting Ey = 100E,, (V (7)) /
E,, (M (3,)) and Es = 100E,, (V (4,)) /Em (M (a)), we present below in tables 1, 2, 3,
the values of the relative efficiencies of 3, with respect to 7 and ¢, for a few combination
of the parametric values under the model (8). Values are given for N = 60, 6 = 2.0,
0 =8, a=0.5,10,1.5, 8 =0.5,1.0,1.5 and g = 0.0,0.5,1.0,1.5,2.0. The ranges of A,
for g, to be better than g, for given o = 0.5, 1.0, 1.5 are respectively (0,1), (0,2), (0, 3).
This clearly indicates that as the size of « increases the range of A for 7, to be better
than 7, increases i.e. flexibility of choosing A increases.
We have made the following observations from the tables 1, 2 and 3:
1. As g increases both Fy and Es decrease. When n increases E; increases while Fo
decreases.

2. As «increases (i.e. if the intercept term « departs from origin in positive direction)
relative efficiency of g, with respect to y decreases while E5 increases.

3. As [ increases F; increases for fixed g while Fs is unaffected.

4. The maximum gain in efficiency is observed over gy as well as over g, if A coincide
with the value of a. Finally, the estimator g, is to be preferred when the intercept
term « departs substantially from origin.
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