Libertas Mathematica (new series)
Volume 41(2021), No. 1, 37-51

On t{-Balancers, t-Balancing Numbers and Lucas
t-Balancing Numbers

Ahmet Tekcan and Samet Aydin
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1 Introduction

A positive integer n is called a balancing number ([2]) if the Diophantine equation
I+2+--+(n—-1)=n+1)+n+2)+ -+ (n+r) (1.1)

holds for some positive integer r which is called balancer corresponding to n. If n is
a balancing number with balancer r, then from (1.1)
s (m4+r)(n+r+1)

—2m—14++8n2+1
n® = 5 and r = 5 .

From (1.2), they noted that n is a balancing number if and only if n? is a triangular
number and 8n? +1 is a perfect square. Though the definition of balancing numbers
suggests that no balancing number should be less than 2. But from (1.2), Behera
and Panda noted that 8(0)2 + 1 = 1 and 8(1)? + 1 = 3% are perfect squares. So
they accepted 0 and 1 to be balancing numbers. Let B,, denote the n'" balancing
number. Then By =0,By =1, B, =6 and B+ = 6B, — B,,—1 for n > 2.

Later Panda and Ray ([12]) defined that a positive integer n is called a cobalan-
cing number if the Diophantine equation

1+24+---4n=n+1)+n+2)+---+(n+r) (1.3)

(1.2)

holds for some positive integer r which is called cobalancer corresponding to n. If n
is a cobalancing number with cobalancer r, then from (1.3)

o — /32
(m+r)(n+r+1) and r— 2n—14+v8n +8n+1.

1 =
n(n+1) 5 5

(1.4)
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From (1.4), they noted that n is a cobalancing number if and only if n(n + 1) is a
triangular number and 8n? + 8n + 1 is a perfect square. Since 8(0)2+8(0)+1 = 1is
a perfect square, they accepted 0 to be a cobalancing number just like Behera and
Panda accepted 0 and 1 to be balancing numbers. Let b, denote the n'" cobalancing
number. Then by = by = 0,b2 = 2 and b,4+1 = 6b, — b,—1 + 2 for n > 2.

It is clear from (1.1) and (1.3) that every balancing number is a cobalancer and
every cobalancing number is a balancer, that is, B, = r,11 and R, = b, for n > 1,
where R, is the n'™™ the balancer and 7, is the n'" cobalancer. Since R,, = b,,, we
get from (1.1) that

9B, — 1+ RB2 11 %, + 1+ /802 1 8b, + 1
b, — J; 8Bnt 1 nd B, = Zn LT §"+8 )

Thus from (1.5), B, is a balancing number if and only if 8 B2 +1 is a perfect square
and b, is a cobalancing number if and only if 8b2 4 8b,, + 1 is a perfect square. Thus

Cn=+/8B2+1 and ¢, = /82 + 8b, + 1 (1.6)

are integers which are called the n'" Lucas-balancing number and n'" Lucas-coba-
lancing number, respectively (Note that Cp = ¢o = 1).

Let @ = 1++/2 and 3 = 1—+/2 be the roots of the characteristic equation for Pell
numbers which are the numbers defined by Py =0,P, =1 and P, = 2P,_1 + P2
for n > 2. Ray ([17]) derived some nice results on balancing numbers and Pell num-
bers his Phd thesis. Since x is a balancing number if and only if 822 4 1 is a perfect
square, he set 822 + 1 = y? for some integer y > 1. Then he get

y? —8z% =1 (1.7)

which is a Pell equation ([1, 3, 9]). The fundamental solution of (1.7) is (y1,z1) =
(3,1). So yn + 2,8 = (34 v/8)" for n > 1 and similarly y, — z,v/8 = (3 — V&)™
Let vy =3+ V8 and § = 3— /8. Then he get x, = 77:2 which is the Binet formula

n

for balancing numbers, that is, B,, = %. Since a? = v and % = 4, he conclude
that the Binet formula for balancing numbers is

2n _ Q2n
B, = u.
44/2
Similarly
a2n71 _ 62n71 1 a2n 4 52n a2n71 + 521171
bp=———F——--,Ch=——7— and ¢y = —F—
44/2 2 2 2

for n > 1 (see also [4, 10, 11, 15]).
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Balancing numbers and their generalizations have been investigated by seve-
ral authors from many aspects. In [7], Liptai proved that there is no Fibonacci
balancing number except 1 and in [8] he proved that there is no Lucas balancing
number. In [19], Szalay considered the same problem and obtained some nice results
by a different method. In [5], Kovécs, Liptai and Olajos extended the concept of
balancing numbers to the (a, b)-balancing numbers defined as follows: Let a > 0 and
b > 0 be coprime integers. If

(a4+b)+-+(an—1)+b) =(aln+1)+b)+---+ (a(n+7r)+)

for some integers n,r > 1, then an + b is an (a, b)-balancing number. The sequence
of (a,b)-balancing numbers is denoted by BYY for m > 1. In [6], Liptai, Luca,
Pintér and Szalay generalized the notion of balancing numbers to numbers defined
as follows: Let y, k,l € ZT such that y > 4. Then a positive integer x with z < y—2 is
called a (k, I)-power numerical center for y if 1¥4- - 4 (z—1)* = (z+1)'4-- -+ (y—1)".
They studied the number of solutions of the equation above and proved several
effective and ineffective finiteness results for (k,[)-power numerical centers. For
integers k,x > 1, let
My(z) =z(x+1)...(x+ k—1).

Then it was proved in [5] that the equation B, = IIx(x) for fixed integer k£ > 2 has
only infinitely many solutions and for k € {2, 3,4} all solutions were determined. In
[21] Tengely, considered the case k = 5, that is, By, = z(z+1)(z+2)(x+3)(z+4) and
proved that this Diophantine equation has no solution for m > 0 and x € Z. In [14],
Panda, Komatsu and Davala considered the reciprocal sums of sequences involving
balancing and Lucas-balancing numbers. In [16], Patel, Irmak and Ray considered
incomplete balancing and Lucas-balancing numbers and in [18], Ray considered the
sums of balancing and Lucas-balancing numbers by matrix methods.

Recently, almost balancing numbers first defined by Panda and Panda in [13]. A
natural number n is called an almost balancing number if the Diophantine equation

n+D)+n+2)+-+n+r)]—[1+2+--+n—-1)] =1

holds for some positive integer r which is called the almost balancer. In [20], the first
author derived some new results on almost balancing numbers, triangular numbers
and square triangular numbers.

2 {-Balancing numbers.

In this section we try to determine the general terms of all t-balancers, t-balancing
numbers and Lucas t-balancing numbers.
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Let ¢t > 1 be an integer. Then by considering (1.1), a positive integer n is called
a t-balancing number if the Diophantine equation

1424 4n—1=n+14+)+0+2+t)+ -+ (n+r+t) (2.1)

holds for some positive integer r which is called t-balancer corresponding to n.
Let B!, denote the n'!' t-balancing number and let R!, denote the n'" t-balancer.
Then from (2.1), we get

¢ _ —2B} —2t —1+/8(B})* + 8tB} + (2t + 1)?

R, 5 and (2.2)
2R! +1 Y248t + 1)RE + 1
B — R+ +\/8(Rn)2 +8(t+ DR, +1 (2.3)

From (2.2), we note that B! is a t-balancing number if and only if 8(B!)? + 8t B! +
(2t + 1)? is a perfect square. Thus

Cl = \/8(B!)2 + 8tBL + (2t + 1)2 (2.4)

is an integer which is called Lucas ¢t-balancing number.

In order to determine the general terms of ¢t-balancers, t-balancing numbers and
Lucas t-balancing numbers, we have to determine the set of all (positive) integer
solutions of the Pell equation

202 — % = 2% + 4t + 1. (2.5)

We see from (2.3) that R!, is a t-balancer if and only if 8(R!)? +8(t + 1)RL + 1 is a
perfect square. So we set

8(RL)* +8(t+ )Rl +1 =y (2.6)
for some integer y > 1. Then 2(2R!, +t + 1)? — y? = 2t> + 4¢ + 1 and putting
z=2RL +t+1, (2.7)

we get the Pell equation defined in (2.5).
Now let A be a non-square discriminant. Then the A-order O, is defined to be

the ring Oa = {z + ypa : z,y € Z}, where pa = \/g if A = 0(mod 4) or %

if A =1(mod 4). So Oa is a subring of Q(vA) ={z + yVA : z,y € Q}. The unit
group OY is defined to be the group of units of the ring O, .
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Let F(x,y) = az? + bry + cy? be an indefinite integral quadratic form ([3]) of
discriminant A = b?> — 4ac. Then we can rewrite F(z,y) = ((za + yb+\r)(:na +vy
%))/a. So the module My of F' is

F:{xa+yb+\/E:x,y€Z}CQ(\/K).

Therefore we get (u + vpa)(za + ybﬁf) 2l + o YA b+f . where
_b
[z Y] { “Tav (wb ] if A =0(mod 4)
;oo —Cv U+ 50v 98
[ ] = u+ 1=ty v (2.8)
2 . _
£ { Cev e Lty ] if A =1(mod 4).

Let m be any integer and let © denote the set of all integer solutions of F'(x,y) = m,
that is, Q = {(z,y) : F(z,y) = m}. Then there is a bijection

U:Q— {ye Mp:N(y)=am}.

The action of O ; = {a € O4 : N(a) = 1} on the set (2 is most interesting when A
is a positive non-square since Oxl is infinite. Therefore the orbit of each solution will
be infinite and so the set { is either empty or infinite. Since O ; can be explicitly
determined, the set € is satisfactorily described by the representation of such a list,
called a set of representatives of the orbits. Let e be the smallest unit of O, that is
greater than 1 and let 7o = e if N(ea) = 1 or €% if N(ea) = —1. Then every Ox 4
orbit of integral solutions of F'(z,y) = m contains a solution (z,y) € Z x Z such
that 0 <y < U, where U = ‘%ﬁ (1-— E) ifam >0or U = |amm‘l a) if
am < 0. So for finding a set of representatives of the O ; orbits of integral solutions
of F(x,y) = m, we must find for each integer yp in the range 0 < yo < U, whether
Ay2 + 4am is a perfect square or not since

axd + broyo + cyd = m < Ayg + dam = (2azxg + byo)>. (2.9)

If Ay2 + 4am is a perfect square, then from (2.9) we get

_ —byo = VAYE + dam
B 2a '

So there is a set of representatives Rep = {[z¢ yo|}. Consequently for the matrix
M defined in (2.8), the set of all integer solutions of F(z,y) = m is Q = {£(z,y) :
[z y] = [xo yo]M™ n € Z}. If Ay? + 4am is not a perfect square, then there are no
integer solutions.
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For the set of all integer solutions of (2.5), the indefinite form is F(z, y) = 222 —y?
of discriminant A = 8. So 75 = 3 + 2v/2 and

M:[g g] (2.10)

from (2.8). Here we have two cases: 2t2 + 4t + 1 is a perfect square or not for ¢ > 1.

2.1 Case 1: 2t + 4t + 1 is a perfect square.

In this case, we can give the following theorem first.

Theorem 2.1. The quadratic Diophantine equation 2t> 4+ 4t + 1 = h? is satisfied
for (t,h) = (Pap—1 — 1,¢y) forn > 2.
Proof. Let 2t? + 4t + 1 = h? for some integer h > 1. Then 2(t +1)?> — h2 = 1 and

taking t+1 = w, we get the Pell equation 2w? — h? = 1. The set of representatives is
Rep = {[£1 1]} and in this case [I —1]M™ generates all integer solutions (wy,, hy,) for

3 4 C, 4B
> — . : n _ n n
n > 1 for M [ 9 3 ] It can be easily seen that M [ °B, C,

So the set of all integer solutions of 2w? —h? = 1is {(=2B,+C, 4B, —C,) : n > 1}.
But we notice that —2B,,+C,, = P»,,_1 and 4B,,—C}, = ¢,. So the quadratic equation
2t2 + 4t + 1 = h? is satisfied for (t,h) = (Poap_1 — 1,¢n). O

]fornzl.

For the set of all integer solutions of (2.5) and the general terms of all ¢-balancers,
t-balancing numbers and Lucas ¢-balancing numbers, we have two cases: #Rep =4
or #Rep > 4.

Theorem 2.2. If #Rep = 4, then
1. the set of all integer solutions is Q@ = {(x3n+1, Y3n+1) : 7 > 0FU{(T30—1, Y3n—1),
(730, Y3n) : m > 1}, where
(x?m—I—la y3n+1) = <2Bn + (t + I)Cnu (4t + 4)Bn + Cn)
(w?m—la y3n—1) = <_2th + hCTL; 4hB,, — hCn)
(230, Y3n) = (—2Bp + (t + 1)Cy, (4t + 4)B,, — Cy,).

2. the general terms of t-balancers, t-balancing numbers and Lucas t-balancing
numbers are

2B, + (t+1)Cp —t — 1

RS, = !
Rt 2Bt )C -t 1
3n—1 — 9
Ré 2:—2th+hCn—t—l

" —

2
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(4t +6)B,, + (t +2)Cy, — t

. (4t 4+ 2)B,, + tC,, — t
B3n—1 - 2
2hB,, —1
Bg)n—Z = .

Cs, = \/8(B§n)2 +8tBL, + (2t +1)2

C:Em—l = \/8(B§n—1)2 + 8tB§n—1 + (2t + 1)2

Cinn = \/8(B§n—2)2 +8tBY, 5+ (2t +1)2
forn > 1.
Proof. (1) Let #Rep = 4. Then the set of representations is
Rep = {[£(t +1) 1], [=h A},
and in this case
1. [t+1 1]JM™ generates all integer solutions (23,1, Y3n+1) for n >0,
2. [t+1 — 1]M™ generates all integer solutions (x3y, y3,) for n > 1,

3. [h — h|M™ generates all integer solutions (z3,-1,Yy3n—1) for n > 1.

Thus the set of all integer solutions is Q@ = {(2B,, + (t + 1)Cy, (4t + 4)B,, + Cy,) :
n > 0YU{(=2hBy +hCyp, 4h By — hCl), (—2Bp + (£ +1)Ch, (4t +4) By — Cp) : 1 > 1}
(2) Note that x = 2R!, +t + 1 from (2.7). So

and from (2.3) and (2.6), we observe that

2R+ 14 /8(RL,)?+8(t+1)RE, +1

Bgn_ 2
2B+ (t+1)Cp —t—1+1+ (4t +4)B, + Cy
- 2
(4t +6)B, + (t +2)Cp, — t

2
Thus

ct, = \/S(Bgn)2 + 8tBL, 4+ (2t +1)2

by (2.4). The other cases can be proved similarly. O
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Theorem 2.3. If #Rep = 2k > 4, then
1. the set of all integer solutions is
Q= {(x(%—l)n—i-la y(?k—l)n+1)7 (x(2k—1)n+i+1v y(2k—1)n+i+1):
(T(2k—1)ntk> Y2k—1)ntk) 11 > 0} U
{(@@r=1)ns Yk—1)n) s (T(@2k—1)n—i> Y2k—1)n—i) : 7 = 1},
where
(2B, + (t+1)Chy, (4t + 4)B,, + Cy)
(2t2ZB + t9;—1Ch, Atai—1 By + t2;Cy,)
(
(-

(z L(2k—1)n+15 Y(2k—1)n+1

(x(Zkfl)nJrz#lv Y(2k—1)n+i+1

9B, + hCy, AW B,y + hCy)
2By, + (t +1)Chp, (4t + 4) By, — Ch)
(—2t9;Bp, + t2i—1Cp, 4ta;i_1 By, — t2,Cy).

((2k ns Y(2k—1)n

)
) =
(iU(Qk: Dn+ks Y(2k— 1n+k:)
)
)

((Zk 1)n—i> Y(2k—1)n—i

2. the general terms of t-balancers, t-balancing numbers and Lucas t-balancing
numbers are

RIéZkfl)n = 2
" —2B,+ (t+1)C,, —t—1
R(Qk—l)n—l = 9
Rt _ —2t9; By, +t9;-1C,, —t —1
(2k—1)n—i—1 — 2
¢ (4t +6)B,, + (t + 2)C), —
B(2k—1)n = 9
' (4t +2)B, +tC, — t
B(2k—1)n—1 = 9
Bt ~ (=2tg; +4t9i-1) B + (t2i—1 — t2;)Cp — 1
(2k—1)n—i—1 — D)

Clor—1yn = \/S(Btzk—1 )2+ 8tBlyy,_y, + (2t + 1)
Clok—1yn—1 = \/8 (2h—1yn—1)” T 8By 1), 4 + (20 +1)?

C(Qk—l)n—i—l = \/8 (2k71)n7i71) + 8tB(2k—1)n—z;1 + (2t + 1)2

forn>1 and

Rt _ 2t9iBy +t2i1Cp —t — 1
(2k—)nti — 5
»  OhBy+hCy —t—1
(2k—1)n+k—1 — 5
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(2t9; + 4toi—1)Bp + (t2i—1 + t2:)Cp — t

B€2k—1)n+i = 9

" 6hB,, + 2hC,, —t
B(2k—1)n+k—1 = 9

Clok—1ynti = \/8(13521@71)%@')2 + 8By, 1),y + (2t + 1)2

t
Clon-1ym+k-1 = \/8(B€2k71)n+k71)2 + 8By 1y + (28 +1)?

forn >0,

where to;—1 and to; are positive integers such that 2t§i_1 — t%i =22 44t +1 for1 <i
<k—-2t+1<ti<tzg<- - <togps<handl <ty <ty <- -+ <top_g<h.

Proof. (1) Let #Rep > 4. Then the set of representations is
Rep = {[£(t + 1) 1], [£t2i—1 t2], [£h R},

where t9;_1 and to; are positive integers such that 2t%i71 — t%i =224+ 4t+1for1<i
<EkE-2t+1<ti<tzg< - <togp_s<handl <ty <ty<---<tgr_4 <h. Here

L. [t+1 1]JM"™ generates all integer solutions (2 (2x—1)n+1, Y2k—1)n+1) for n >0,

2. [t2i—1 t2;]M™ generates all integer solutions (T(2k—1yntit15Y(2k—1)nti+1) for
n >0,

3. [ h]M™ generates all integer solutions ((ax—1)n+k> Y(2k—1)n+k) for n >0,
4. [t+1 —1]JM™ generates all integer solutions (=(2x—1yn,Y(2k—1)n) for n > 1,
5. [t2i—1 —t2;]M" generates all integer solutions (2 (2x—1)n—i> Y(2k—1)n—i) forn > 1.

Thus the set of all integer solutions is Q = {(2B,+(t+1)Cy, (4t+4) Bp,+Cy), (2t2; Bp+
to;_1Chp, 4to;_1 By, +t2iCn), (2th +hCy, 4h By, + hCn) n > 0} U {(—2Bn + (t+ 1)Cn,
(4t +4)B, — Cp), (—2t2;Bp + t2i—1Cp, 4t2i—1 By — t2;,Cy) : m > 1},

(2) It can be proved as in the same way that Theorem 2.2 was proved. O

When #Rep = 2k > 4, it is impossible to determine the set of representatives
and #Rep in terms of ¢. For example in Table 1, the set of representatives is given
for some values of t. That is why we assume that the set of representatives is Rep
={[£(t+1) 1],[*tei—1 ta],[£h h]}, where t3;_; and t9; are positive integers such
that 2t3, | — 12, =22 + 4t +1for 1 <i<k—2t+1<t; <t3<--- <ty s5<h
and 1 <ty <ty < - <top_y <h.
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Table 1.

’ t ‘ set of representatives

{[£985 1],[£995 199],[£1025 401],
[£1267 1127),[+1393 1393]}
{[£5741 1],[+£6001 2471],[+6739 4991],
[£6805 5167],[+8119 8119]}
{[£33461 1],[+£35155 15247, [+38935 28153,
[£40409 32039], [+47321 47321]}
{[£195025 1],[£195083 6767], [+195257 13457,
[£197005 39401], [£197743 46207, [+199547  59737),
[£202985 79601], [£205933 93527, [+205973 93703,

984

5740

33460

[£207607 100657], [£209405 107849], [+:211327 115103),
[£210883 143623, [£222425 151249], [£:227837 166583,
[£236623 189503, [£243355 205849], [+:243443  206057),
[£246977 214303, [£250747 222887, [+:254665 231601],
(271133 266377], [£275807 275807]}

195024

2.2 Case 2: 2t> + 4t + 1 is not a perfect square.

In this case we again two cases: #Rep = 2 or #Rep > 2.
Theorem 2.4. If #Rep = 2, then

1. the set of all integer solutions is Q = {(Tan+1,Y2n+1) : 1 > 0} U {(x2n, yon) :
n > 1}, where

(x2n+1a Z/2n+1) = (2Bn + (t + 1)Cn, (4t + 4)Bn + Cn)
(on,Yon) = (—2B, + (t + 1)Cy, (4t +4)B,, — Cp).

2. the general terms of t-balancers, t-balancing numbers and Lucas t-balancing
numbers are

RS, !
Rt _ 2By +(t+1)Ch—t—1

2n—1 9

Bl — t(cnt1 — 1) + 2By q1

2
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t(Cn+1 — 1) + 2Bn
2

Chy = \/8(BL,)2 + 8B, + (2t + 1)?

t _
Banl -

Choy = \[8(BY, 1) +8tBh, ; + (2t +1)2
forn > 1.
Proof. (1) Let #Rep = 2. Then the set of representatives is
Rep = {[£(t+1) 1]}.

In this case [t+1 1]M™ generates all integer solutions (2,41, Yon+1) for n > 0 and
[t+1 —1]M™ generates all integer solutions (2, y2,,) for n > 1. Thus the set of all
integer solutions is Q = {(2B,+(t+1)C,, (4t+4)B,+Cy) : n > 0}U{(—2B,,+(t+1)
Ch, (4t +4)B, — Cy) : n > 1}.

(2) From (1), we observe that

Rgn 2

Hence from (2.3) and (2.6), we get

_2RL 41+ /8(RL,)2+8(t+1)R, +1

2B+ (t+1)Cp —t — 141+ (4t +4)B, + C,
B 2
_ t(4Bn, + Cp — 1)+ 6B, +2C,
N 2
2n_52n 2n+ﬁ2n 2n_/32n 2n+ﬁ2n
_75(4(“4\/§ )+ —1)+6(O‘4\/§ ) +2(——)
B 2
t <a2"(% +5) + B+ 3) - 1) +a® (525 +1) + B (55 +1)

N 2

27L+1+627L+1 2n+2_62n+2
(TR 1) 4 p(TE

2
_ t(cn+1 - 1) + 2Bn+1
9 .
Thus

C3, = \/8(B§n)2 +8tBL, + (2t +1)2
by (2.4). The others can be proved similarly. O
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Theorem 2.5. If #Rep = 2k > 2, then

1. the set of all integer solutions is Q = {(Tokn+1, Y2kn+1)s (T2kntit1, Y2kntitl) :
n > 0} U{(Z2kn, Yokn) (T2kn—i, Yokn—i) : n > 1}, where

Bn,+ (t+1)Cy, (4t +4)B, + Cy)
2t9; By, + to;—1Chp, 4to;—1 By + t2;Ch)

2B, + (t + 1)Cy, (4t + 4)B, — Cy,)

2t9; By, + to;—1Cyp, 4toi—1 By — t2;,C).

(332kn+1 y Y2kn+1

)

(332kn+i+17 y2kzn+i+l)
(x2kn7 y?kn)

) =

(2
(
(—
(To2kn—is Y2kn—i) = (—

2. the general terms of t-balancers, t-balancing numbers and Lucas t-balancing
numbers are

2B, + (t+1)Cp —t — 1

’ —2B, +(t+1)Cp, —t—1
Ropp—1 = 2
Rt - —2t9; By +to;_1Cp, —t —1
2kn—i—1 = 5
Bt _ t(ent1 — 1) + 2Bpt1
2kn 9
Bt - t(0n+1 — 1) + 2Bn
2kn—1 — 2
Bt  (—2tg; + 4tgi—1)Bp 4 (t2i—1 — t2)Cr — 1
2kn—i—1 — 2

Chin = \/8 (BL,,.)? + 8tB§,m + (2t +1)2

Chions = /3(Blyy_1)? +8tBYy,, , + (2t +1)2

Cotn—i 1*\/8 Skn—i—1)? + 8By iy + (26 1)

forn>1 and

Rék o 2to; By, + to;_1C,, —t — 1

n-+1 9

Bl .. = (2t9; + 4to;—1) By + (toi—1 + t2;)Cp — t
n-+1 9

Cékn—i—z = \/8 2kn+z + 8tB2k:n+z (2t + 1)2

forn >0,
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where to;—1 and to; are positive integers such that 2t%i_1 — t%i =22 44t +1 for1 <i
<kE—1Lt+1<ti<tzg<: - <top_gandl <to <ty <---<top_o.

Proof. (1) Let #Rep = 2k > 2. Then the set of representatives is
Rep = {[£(t + 1) 1], [£tai—1 tai]},

where to;_1 and to; are positive integers such that 275%@—1 — t%i =2t 4 4t+1for1 <i
<kE-1Lt+1<ti<tzg<---<togp_gand 1 <ty <ty <---<tgp_o. Here

1. t+1 1]JM™ generates all integer solutions (Zagn+1,Y2kn+1) for n >0,
2. [t+1 —1] M™ generates all integer solutions (Zogn, Yorn) for n > 1,
3. [tai—1 to;]M™ generates all integer solutions (Zogpn+it1,Y2knti+1) for n >0,

4. [toi—1 — to;]M™ generates all integer solutions (Zogn—;, Yokn—i) for n > 1.

Thus the set of all integer solutions is Q = {(2B,+(t+1)Cy, (4t4+4) B,+Cy,), (2t2; By +
tgiflcn,lltgilen—thiCn) n> 0}U{(—23n+(t+1)0n, (4t+4)Bn—Cn), (—2t2iBn+
t2i—1Cn, 4t2i—1 By, — 12;Cp) 1 > 1}

(2) It can be proved as in the same way that Theorem 2.4 was proved. O

Again when #Rep = 2k > 2, it is impossible to determine the set of representa-
tives and #Rep in terms of ¢t. For example in Table 2, the set of representatives is
given for some values of t.

Table 2.

’ t ‘ set of representatives ‘
11 {[£12 1],[£16 15|}

28 {[£29 1],[+41 41]}

43 {[+44 1],[+46 19],[+56 49]}

57 {[£58 1],[£62 31],[£74 65|}

36 | {[£37 1],[£41 25],[£43 31],[£47 41]}
53 | {[£h4 1],[£56 21],[x60 37],[+70 63]}

That is why we assume that the set of representatives is Rep = {[£(t+1) 1], [£t2i—1 t2i]},
where to;_1 and tg; are positive integers such that 2t3, | —t3. = 2t +4t+1for 1 <i
<EkE-—Lt+l<ti<tzg< - <tgpgand 1 <ty <ty <- - <tgp_og.
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