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1 Introduction

The fractional calculus deals with extensions of derivatives and integrals to non-
integer orders. It represents a powerful tool in applied mathematics to study many
problems from different fields of science and engineering, with many break-through
results found in mathematical physics, finance, hydrology, biophysics, thermody-
namics, control theory, statistical mechanics, astrophysics, cosmology and bioengi-
neering [14, 29]. For some fundamental results in the theory of fractional calculus
and fractional differential equations we refer the reader to the monographs of Abbas
et al. [7, 8, 9], Samko et al. [28], Kilbas et al. [22] and Zhou [33, 34], the papers by
Abbas et al. [1, 4, 5, 10, 11], and the references therein.

The stability of functional equations was originally raised by Ulam [31]). next
by Hyers [15]. Thereafter, this type of stability is called the Ulam-Hyers stability. In
1978, Rassias [25] provided a remarkable generalization of the Ulam-Hyers stability
of mappings by considering variables. The concept of stability for a functional
equation arises when we replace the functional equation by an inequality which acts
as a perturbation of the equation. Considerable attention has been given to the
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study of the Ulam-Hyers and Ulam-Hyers-Rassias stability of all kinds of functional
equations; one can see the monographs of [9, 17], and the papers of Abbas et al.
[1, 2, 3, 4, 6, 10, 11], Petru et al. [23], and Rus [26, 27] discussed the Ulam-Hyers
stability for operatorial equations and inclusions. More details from historical point
of view, and recent developments of such stabilities are reported in [18, 26].

Recently, considerable attention has been given to the existence of solutions of
initial and boundary value problems for fractional differential equations with Hilfer
fractional derivative; see [12, 13, 14, 19, 30, 32]. Motivated by the above papers,
in this article we discuss the existence and the Ulam stability of solutions for the
following problem of Random Hilfer fractional differential equations of the form

(DY Pu)(t,w) = f(t,ut,w),w); t € I:=0,T],
w € €, (1.1)
(Iy " u)(t, w)|1=0 = ¢(w),

where a € (0,1), 8€[0,1], y=a+—af, T >0, (2,.A4) is a measurable space,
¢ : 2 — R is a measurable function, f: I x R x Q — R is a given function, Ié_w is
the left-sided mixed Riemann-Liouville integral of order 1 —+, and Dg i the Hilfer
fractional derivative of order a and type /3.

Next, we consider the following problem of random Hilfer-Hadamard fractional
differential equations of the form

("D Pu)(t,w) = g(t, ult,w),w); t € [1,T],
w €, (1.2)
(17 u) (1, w) = ¢o(w),

where a € (0,1), 8 € [0,1], y=a+8—af, T > 1, ¢p: Q2 — R is a measurable
function, g : [1,7] x R x Q — R is a given function, 7 Il1 7 is the left-sided mixed
Hadamard integral of order 1 — «y, and D?’B is the Hilfer-Hadamard fractional
derivative of order « and type .

The present paper initiates the Ulam stability for random differential equations

involving Hilfer and Hilfer-Hadamard fractional derivatives.

2 Preliminaries

Let C' be the Banach space of all continuous functions v from I into R with the
supremum (uniform) norm

[0]loc := sup [v(#)].
tel
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As usual, AC(I) denotes the space of absolutely continuous functions from I into
R. We denote by AC(I) the space defined by

ACH ) :={w:T = R: %w(t) € AC(I)}.

By L!(I), we denote the space of Lebesgue-integrable functions v : I — R with the

norm
T
ol = /0 ()] dt.

Let L*°(I) be the Banach space of measurable functions u : I — R which are
essentially bounded, equipped with the norm

|lul|ze = inf{c > 0:|u(t)] <c¢, a.e. tel}.

By Cy(I) and C’% (I), we denote the weighted spaces of continuous functions defined
by
Co(I) = {w: (0,T] = R: t'w(t) € C},

with the norm
[w||c, = sup [t Tw(t)],
tel

and P
w
Ci(I)={weC: = €G3
with the norm
lwller = [[w]leo + W]l

Throughout this paper, we denote |[wl|c, by [Jw|c.

Definition 2.1. A function T': Q x R — R is called jointly measurable if T'(-,u) is
measurable for all uw € R and T'(w, -) is continuous for all w € Q.

Definition 2.2. A function f : I x R x £ — R is called random Carathéodory if
the following conditions are satisfied:

(i) The map (t,w) — f(t,u,w) is jointly measurable for all u € R, and
(ii) The map v — f(t,u,w) is continuous for all ¢ € I and w € .
Let E be a Banach space and T : () x ¥ — E be a mapping. Then T is called

a random operator if T'(w, ) is measurable in w for all u € E and it expressed as
T(w)u = T(w,u). In this case we also say that T'(w) is a random operator on E. A
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random operator T'(w) on E is called continuous (resp. compact, totally bounded
and completely continuous) if T'(w, u) is continuous (resp. compact, totally bounded
and completely continuous) in u for all w € €. The details of completely continuous
random operators in Banach spaces and their properties appear in Itoh [16].

Definition 2.3. Let P(Y) be the family of all nonempty subsets of ¥ and C be
a mapping from  into P(Y). A mapping T : {(w,y) : w € Q, y € C(w)} = Y
is called random operator with stochastic domain C' if C' is measurable (i.e., for all
closed A CY, {w € Q,C(w)NA # 0} is measurable) and for all open D C Y and all
yeY, {weQ:yeC(w), T(w,y) € D} is measurable. T will be called continuous
if every T'(w) is continuous. For a random operator 7', a mapping y : Q@ — Y is
called random (stochastic) fixed point of T if for almost all w € Q, y(w) € C(w)
and T'(w)y(w) = y(w) and for all open D C Y, {w € Q: y(w) € D} is measurable.

Now, we give some results and properties of fractional calculus.

Definition 2.4. [8, 22, 28] The left-sided mixed Riemann-Liouville integral of order
r > 0 of a function w € L'(I) is defined by

(Igw)(t) = F(lr) /0 (t —s)" " tw(s)ds; for a.e. t €,

where I'(+) is the (Euler’s) Gamma function defined by

L&) = /OOO t=te7tdt; € > 0.

Notice that for all 71,72 > 0 and each w € C, we have Ijw € C, and
(I3 I52w) (t) = (152 w)(t); for ae. t € 1.

Definition 2.5. [8, 22, 28] The Riemann-Liouville fractional derivative of order
r € (0,1] of a function w € L*(I) is defined by

D)) = (g1 w) 0

1 d

t
= F(l—r)dt/o (t —s) "w(s)ds; for a.e.t e l.

Let r € (0,1], v € [0,1) and w € C1—(I). Then the following expression leads
to the left inverse operator as follows.

(D{Iyw)(t) = w(t); for all t € (0,T).
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Moreover, if Id~"w € C’ll_,y (I), then the following composition is proved in [28]

(Ig—"w)(0*)

(IgDS’U))(t) - ’U}(t) - F(T’)

t"1; for all t € (0,T).

Definition 2.6. [8, 22, 28] The Caputo fractional derivative of order r € (0, 1] of a
function w € L'(I) is defined by

(‘Diw)(t) = Ilfriw (t)

1 t . d
~ Ta-n /0@—5) —w(s)ds; for a.e. tel.

In [14], R. Hilfer studied applications of a generalized fractional operator having

the Riemann-Liouville and the Caputo derivatives as specific cases (see also [19, 30].

Definition 2.7. (Hilfer derivative). Let a € (0,1), 8 € [0,1], w € L}(I), ISy €
AC(I). The Hilfer fractional derivative of order a and type 3 of w is defined as

(Dg"ﬁw)(t) = (Ig(l_a)ifél_a)(l_ﬁ)w) (t); forae.tel. (2.1)

Properties. Let o € (0,1), € [0,1], y=a+ 8 —aB, and w € L(I).
1. The operator (Dg"ﬁw)(t) can be written as

(Dg’ﬁw)(t) _ (Ig(l—a);lé—7w> (t) = (Ig(l_a)Dgw) (t); for ae.tel.

Moreover, the parameter ~y satisfies

76(071]7 72051 ’Y>67 1_7<1_5(1_O‘)'

2. The generalization (2.1) for 5 = 0, coincides with the Riemann-Liouville deriva-
tive and for 5 = 1 with the Caputo derivative.

D§° = Dg, and DSt = °Dg.
3. If Dg(l_a)w exists and in L!(I), then
(Dg"ﬁlg‘w)(t) = (Ig(l_a)Dg(l_a)w)(t); forae.tel.
Furthermore, if w € C,(I) and IS_B(I_a)w € C}(I), then

(Dg’ﬂlgw)(t) =w(t); for ae. tel.
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4. If DJw exists and in L(I), then

(0
I'(v)
Lemma 2.8. Let h € C,(I). Then the linear Cauchy problem

(I(?Dg’ﬁw)(t) = (IJDJw)(t) = w(t) 77 forae tel.

(D u)(t) = h(t); tel,

(I w)()]e=0 = &,
has a unique solution v € L'(I) given by

o
I'(v)

From the above lemma, we concluded the following lemma

u(t) = —2— 1 4 (ISh)(2).

Lemma 2.9. Let f: I xR xQ — R be such that f(-,u(-,w),w) € C, for allw € Q,
and any uw(w) € Cy. Then problem (1.1) is equivalent to the problem of the solutions
of the integral equation

ultyw) = L Pty (18 £ u( w), w)(1); w e 0.

L'(v)

Now, we consider the Ulam stability for the problem (1.1). Let ¢ > 0 and
®: ] xQ — [0,00) be a continuous function. We consider the following inequalities

(DY Pu)(t,w) — f(t,ut,w),w)| <& tel, we . (2.2)
(D& (t, w) — F(t, u(t,w), w)| < (t,w); t €T, we . (2.3)
(DS Pu)(t, w) — f(t,ult,w), w)| < ed(t,w); t €I, we Q. (2.4)

Definition 2.10. /8, 26/ The problem (1.1) is Ulam-Hyers stable if there exists a
real number c¢; > 0 such that for each € > 0 and for each random solution u : Q — C,
of the inequality (2.2) there exists a random solution v : Q@ — C, of (1.1) with

lu(t,w) —v(t,w)| <ecp; tel, we.

Definition 2.11. /8, 26/ The problem (1.1)is generalized Ulam-Hyers stable if there
exists ¢y : C([0,00),[0,00)) with ¢f(0) = 0 such that for each € > 0 and for each
random solution u : Q@ — C,, of the inequality (2.2) there exists a random solution
v:Q— C, of (1.1) with

lu(t,w) —v(t,w)| <cple); t €I, we
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Definition 2.12. /8, 26] The problem (1.1) is Ulam-Hyers-Rassias stable with re-
spect to @ if there exists a real number cf ¢ > 0 such that for each € > 0 and for each
random solution u : @ — C,, of the inequality (2.4) there exists a random solution
v:Q — C, of (1.1) with

lu(t,w) —v(t,w)| < ecraP(t,w); tel, well

Definition 2.13. [8, 26/ The problem (1.1) is generalized Ulam-Hyers-Rassias sta-
ble with respect to ® if there exists a real number cyg > 0 such that for each
random solution u : @ — C, of the inequality (2.3), there exists a random solution
v:Q— C, of (1.1) with

lu(t,w) —v(t,w)| < cra®(t,w); tel, we.
Remark 2.14. It is clear that
(i) Definition 2.10 = Definition 2.11,
(ii) Definition 2.12 = Definition 2.13,
(iii) Definition 2.12 for ®(-,-) =1 = Definition 2.10.
One can have similar remarks for the inequalities (2.2) and (2.4).
In the sequel, we employ the following random fixed point theorem.

Theorem 2.15. (Itoh [16]) Let X be a non-empty, closed convex bounded subset of
the separable Banach space E and let N : Q x X — X be a compact and continuous
random operator. Then the random equation N(w)u = u has a random solution.

3 Hilfer fractional random differential equations

In this section, we are concerned with the existence and the Ulam-Hyers-Rassias
stability for problem (1.1). Let us start by defining what we mean by a random
solution of the problem (1.1).

Definition 3.1. By a random solution of the problem (1.1) we mean a measurable
function u : @ — C, that satisfies the condition (Iéfﬂfu)(()"’,w) = ¢(w), and the

equation (Dg"ﬁu)(t, w) = f(t,u(t,w),w) on I x Q.

The following hypotheses will be used in the sequel.

(H1) The function f is random Carathéodory on I x R x €,
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(H2) There exist a measurable and bounded function p : Q@ — L*°(I, [0, 00)), such

that
t
|f(t, u,w)| < M; for a.e. t €I, and each u € R, w € Q.
1+ |u
Set
p" = sup [[p(w)]|z=, and ¢* = sup |p(w)].

weS we

Now, we shall prove the following theorem concerning the existence of random
solutions of problem (1.1).

Theorem 3.2. Assume that the hypotheses (Hy) and (Hz) hold. Then the problem
(1.1) has at least one random solution defined on I x €.

Proof. Define a mapping N : 2 x C, — C,, by:

(N (w)u)(t) = ‘Ié((ls))ﬂ—l + /0 (t - s)a_1st. (3.1)

The map ¢ is measurable for all w € 2. Again, as the indefinite integral is continuous
on I, then N(w) defines a mapping N : Q x Cy — C,. Thus v is a random solution
for the problem (1.1) if and only if u = N(w)u.

Next, for any v € C,, and each t € I and w € w, we have

1=y L wl, 77 — )27 Y (s, u(s, w),w)|ds
WO < T s [T s s ).
D)l | £ [t e
< Ty T S, ¢ e
o T [
< e 6
S ¢>k +p*T1—'y+oc

Thus o
¢* p*T —v+a
N(w)ul|lc < + = R. 3.2
INule < 105+ e (32)
This proves that N(w) transforms the ball B := B(0,R) = {u € C, : |Ju|lc < R}
into itself. We shall show that the operator N : Q2 x Brp — Bp satisfies all the
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assumptions of Theorem 2.15. The proof will be given in several steps.

Step 1. N(w) is a random operator on 2 X Bp into Bp.
Since f(t,u,w) is random Carathéodory, the map w — f(¢,u,w) is measurable in
view of Definition 2.1. Similarly, the product (¢ —s)*~!f(s,u(s,w),w) of a continu-
ous and a measurable function is again measurable. Further, the integral is a limit
of a finite sum of measurable functions, therefore, the map

w t — s a—1
w qli((fy))ﬂ_l —I—/O (tf‘(a))f(s’ u(s,w),w)ds,

is measurable. As a result, N(w) is a random operator on 2 x Bp into Bg.

Step 2. N(w) is continuous in u.
Let {up}nen be a sequence such that u, — w in Bg. Then, for each t € I, and
w € ), we have
|17 (N (w)un) (£) — 77 (N (w)u) (1)]
t=

t a-l — f(s,u(s,w),w)|ds
< Ty | =9 M s 0) = fs s, wllds. 33

Since u, — wasn — oo and f is random Carathéeodory, then by the Lebesgue
dominated convergence theorem, equation (3.3) implies
|IN(w)up, — N(w)u||c — 0 as n — oo.

Step 3. N(w)Bg is uniformly bounded.
This is clear since N(w)Bgr C Br and Bpg is bounded.

Step 4. N(w)Bpg is equicontinuous.
Let t1,t3 € I, t1 <t and let uw € Bg. Then, for each w € (2, we have

lty (N (w)u)(t2) =t (N (w)u) (t1)]

< t;*’Y /Otz(tZ - S)a 1f(8 u('(sa ) ) )dS - t%*’y /Otl(tl _ S)a—l f(sauIE'(SC’;)U)vw)dS

r
<t /:2 (ty — 5)* ! |f(5’“éf&;”)’w)|ds

t1
+/ ’tl ’7( 9 — S)Oc—l _ t}—’}/(tl o S)a—l, |f(s7u<87w)7w)‘ds
0

_ t2 S, w
S té ’Y\/; (tQ _ S)alpé(a))ds
1

+/ (1 — ) — 571y — )01 2L g
0
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Thus, we get
p*Tl—'y—l—a

Tara) 270

|ty (N (w)u) (t2) — £ (N (w)u)(t)] <

*

t1
p 1— -1 1— a—1
+ / [ty T(ta —8)* " —t7 "(t1 — ) ds.
L(a) Jo 2 !

As t; — t9, the right-hand side of the above inequality tends to zero.

As a consequence of steps 1 to 4 together with the Arzela-Ascoli theorem, we can
conclude that N : 0 x Bg — Bp is continuous and compact. From an application
of Theorem 2.15, we deduce that the operator equation N(w)u = u has a random
solution. This implies that the random problem (1.1) has a random solution. O

Now, we are concerned with the generalized Ulam-Hyers-Rassias stability of our
problem (1.1).

Theorem 3.3. Assume that the hypotheses (H1), (Hz2) and the following hypotheses
hold.

(H3) There exists A\ > 0 such that for each t € I, and w € Q, we have
(I5®)(t, w) < Ap®@(t, w),
(Hy) There exists ¢ € C(I,]0,00)) such that for each t € I, and w € €2, we have
p(t,w) < q(t)2(t, w).

Then the problem (1.1) is generalized Ulam-Hyers-Rassias stable.

Proof. Consider the operator N defined in (3.1). Let u be a random solution of the
inequality (2.3), and let us assume that v is a random solution of problem (1.1).
Thus, we have

_ W) r [ et f(s0(s,w),w)
vibw) = I +/o(t ) T(a)

From the inequality (2.3) for each ¢ € I, and w € 2, we have

ds.

. ¢(w) -1 ! _ 3 a—lf(57u(s’w)’w) s (e w
u(t, w) F(ry)ﬂ /O(t ) T T ds| < (I§®)(t, w).
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Set

q" =supq(t).
tel

From hypotheses (H3) and (Hy), for each ¢t € I, and w € Q, we get

lu(t,w) — o(t,w)] < u(t,w)—MtV_l—/O(t_s)a—lf(s’u(s’w)’wds

I'(v) I'(a)
+ /t(t_s)a_1|f(S,U(S,U)),'w)—f(S,U(S,w),U})|d8
0 I'(a)
< (I9D)(t,w) + /t(t _ g1 2085 w)
- 7 0 I'(a)
< (5®)(@) + 24" (L5 ®)(t, w)
< [142¢"Ap@(t, w)
= cro®(t,w).
Hence, the problem (1.1) is generalized Ulam-Hyers-Rassias stable. O

In the sequel, we will use of the following Theorem.

Theorem 3.4. [27] Let (,d) be a generalized complete metric space and © : Q —
Q a strictly contractive operator with a Lipschitz constant L < 1. If there exists
a nonnegative integer k such that d(©F 'z, OFz) < oo for any x € Q, then the
following propositions hold true:

(A) The sequence (OFz),en converges to a fized point x* of ©;
(B) z* is the unique fized point of © in Q* = {y € Q| d(6Fz,y) < 0o};

(C) Ify € QF, then d(y,z*) < 2d(y, Oz).

Let X = X(I,R) be the metric space, with the metric

t 7 Ju(t, w) — v(t,w)|
d(u,v) = su .
) = S g 0)

Theorem 3.5. Assume that (Hs) and the following hypothesis hold.

(Hs) There exists ¢ € C(1,[0,00)) such that for eacht € I, w € Q, and all u,v € R,
we have
() — £t 0,0)] < 0B (E, ) — .
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If
L:=T"7p*)\, < 1, (3.4)

where ¢* = sup ¢(t), then there exists a unique random solution ug of problem (1.1),
tel

and the problem (1.1) is generalized Ulam-Hyers-Rassias stable. Furthermore, we

have

O(t, w)

1-L°

lu(t,w) — up(t,w)| <
for any solution u of (2.3).

Proof. Let N be the operator defined in (3.1). Apply Theorem 3.4, we have

(V) - (Vo)) < [ (@ gt sl

I'(a)
¢ s)®(s,w)|s'Tu(s,w) — s' (s, w
S /O(t_s)oz—l()p( )(I)( ) )‘ ’YF((O:) ) ( ) )|
< [lemapr el e,
< @ Ug®)(E w)llu(w) —v(w)lle
< @ A®(0)lu(w) — v(w)lle-

Thus
|17 (N (w)u) () — 17 (N (w)o) ()] < TH79" A @ (¢, w)||u(w) — v(w)]|c-

Hence, we get

d(N(u), N(v)) < Lllu(w) = v(w)l|c,

from which we conclude the theorem. O

4 Hilfer-Hadamard fractional random differential equa-
tions

Now, we are concerned with the existence and the Ulam-Hyers-Rassias stability for
problem (1.2).

Set C' := C([1,T]). Denote the weighted space of continuous functions defined
by
Cym([1,T]) = {w(t) : (Int)' w(t) € O},

ds
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with the norm

lwlle, = sup |(Int) " w()].
te[1,7T)

Let us recall some definitions and properties of Hadamard fractional integration
and differentiation. We refer to [22] for a more detailed analysis.

Definition 4.1. [22] (Hadamard fractional integral). The Hadamard fractional
integral of order ¢ > 0 for a function g € L([1,T]), is defined as

(1)) = i [ (%) s,

provided the integral exists.

Example 4.2. Let 0 < ¢ < 1. Then

1
Arimt = m(lnt)Hq, for a.e. t €10,e].
Set
s—al g>0, n=[g+1
- dx7 q ) - q b
and

ACY = {u:[1,T] = E : 6" Yu(z)] € AC(I)}.

Analogous to the Riemann-Liouville fractional calculus, the Hadamard fractional
derivative is defined in terms of the Hadamard fractional integral in the following
way:

Definition 4.3. [22] (Hadamard fractional derivative). The Hadamard fractional
derivative of order ¢ > 0 applied to the function w € ACY is defined as

("Diw)(x) = 6" I} "w) ().
In particular, if ¢ € (0, 1], then
(" Dfw)(x) = 5(1 1~ "w) (@),
Example 4.4. Let 0 < ¢ < 1. Then

Apint = (Int)'=9, for a.e. t €0, €].

o
['(2-q)
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It has been proved (see e.g. Kilbas [[21], Theorem 4.8]) that in the space L'(I, E),
the Hadamard fractional derivative is the left-inverse operator to the Hadamard
fractional integral, i.e.

("D (" H{w)(x) = w(2).

From Theorem 2.3 of [22], we have

(11 w) (1)

(1) (" D) () = () ~ s

(Inz)? 1,

Analogous to the Hadamard fractional calculus, the Caputo-Hadamard fractional
derivative is defined in the following way:

Definition 4.5. (Caputo-Hadamard fractional derivative). The Caputo-Hadamard
fractional derivative of order ¢ > 0 applied to the function w € ACY is defined as

("Diw)(z) = (1} 76"w) (x).
In particular, if ¢ € (0,1], then
(Diw)(z) = ("1} "6w)(x).
From the Hadamard fractional integral, the Hilfer-Hadamard fractional deriva-

tive (introduced for the first time in [24]) is defined in the following way:

Definition 4.6. (Hilfer-Hadamard fractional derivative). Let o € (0,1), 5 € [0, 1],
y=a+B—-ap, we LYI), and Hffl_a)(l_’g)w € ACY(I). The Hilfer-Hadamard

fractional derivative of order v and type 8 applied to the function w is defined as

("D w)(t) = (11T DIw) ) (1)
(4.1)
= <Hlf(1_a)5(H11177w)> (t); for a.e.t € [1,T].

This new fractional derivative (4.1) may be viewed as interpolating the Hadamard
fractional derivative and the Caputo-Hadamard fractional derivative. Indeed for
B = 0 this derivative reduces to the Hadamard fractional derivative and when 8 = 1,
we recover the Caputo-Hadamard fractional derivative.

1
Hpt® = D¢, and D' = HeDy.

From Theorem 21 in [20], we concluded the following lemma
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Lemma 4.7. Let g : I x R x Q@ — R be such that g(-,u(-,w), w) € Cyn([1,T]) for
any u(.,w) € Cyn([1,T]). Then Then problem (1.2) is equivalent to the following
volterra integral equation

_ Bo(w)
L'(v)

Definition 4.8. By a random solution of the problem (1.2) we mean a measurable
function u € C. ), that satisfies the condition (7] "u)(17,w) = ¢o(w), and the
equation (¥ D{Pu)(t,w) = g(t, u(t, w), w) on [1,T] x Q.

u(ta w) (hl t)W_I + (HI?Q("U(W w)?w))(t); w € (L

Now we give (without proof) existence and Ulam slability results for problem
(1.2). The following hypotheses will be used in the sequel.

(Hi) The function g is random Carathéodory on [1,7] x R x Q,

(H)) There exists a measurable and bounded function p; : Q — L*°([1,T7,[0,c0)),
such that

pi(t, w)lul,

lg(t, u, w)| < T ; forae te[l,T], and each u € R, w € Q,
u

(HY%) There exists Ag > 0 such that for each ¢ € [1,T], and w € 2, we have

(H100) (1, w) < Ap®(t, w),

(H}) There exists ¢; € C(I,]0,00)) such that for each ¢t € I, and w € 2, we have
pl(t7 w) < Q1(t)(1)(t7 w)a

(HL) There exists @1 € C([1,T],[0,00)) such that for each ¢t € [1,T], w € Q, and all
u,v € R, we have

l9(t, u,w) = g(t,v,w)| < (Int) 1 ()@, w)lu — ],

Theorem 4.9. Assume that the hypotheses (Hy) and (HY4) hold. Then the problem
(1.2) has at least one random solution defined on [1,T] x .

Theorem 4.10. Assume that the hypotheses (H{)(H}) hold. Then the problem (1.2)
s generalized Ulam-Hyers-Rassias stable.
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Theorem 4.11. Assume that the hypotheses (H%) and (HE) hold. If
L= InT)" 91N, < 1, (4.2)

where @] = sup pt), then there exists a unique random solution uy of problem
te(1,T]

(1.2), and the problem (1.2) is generalized Ulam-Hyers-Rassias stable. Furthermore,

we have

u(t, w) — u (t, w)| < T“’Z).

5 An Example

As an application of our results we consider the following problem of Hilfer fractional
differential equation

(5.1)

where )
ct™s sint
ft,u) = ; t€ (0,1 ueR,
TR M
f(0,u) = 0; u € R,
and ¢ = 9}?. Clearly, the function f is Carathéodory.

The hypothesis (Hs) is satisfied with

B ct%|sint| '
) = St t€ O]
p(0) =0.

Hence, Theorem 3.2 implies that the problem (5.1) has at least one solution defined
on [0, 1]. Also, the hypothesis (Hs) is satisfied with

1
q)(t) = 63, and )\cI) = m
Indeed, for each ¢ € [0, 1] we get
o3

= Aod(t).
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Consequently, Theorem 3.3 implies that the problem (5.1) is generalized Ulam-
Hyers-Rassias stable.

Acknowledgement. The authors are grateful to the referee for the careful

reading of the paper.
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